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1. Introduction
The chiral symmetry is important not only in QCD but also in the standard model. To extract
hadronic observables based on the chiral symmetry, we need both the lattice field theory and the
chiral symmetry. The lattice chiral symmetry is now realized by the overlap and domain wall
fermions and extensive efforts have been devoted to the accurate values for hadronic observables
sensitive to the chiral symmetry[1, 2]. In this sense the non-preturbative renormalization for the
lattice fermions with the lattice chiral symmetry becomes important.
The Schroedinger functional (SF) scheme [3] has been successfully applied to renormalize the
lattice QCD with the Wilson fermions non-perturbatively [4]. Although it was not simple for the
lattice chiral fermions to apply the SF scheme, the SF methods for the lattice chiral fermions have
been developed in Refs. [5, 6, 7, 8].
In the last lattice conference, we proposed a construction of the SF scheme for Moebius do-
main wall fermions (MDWF) [9]. The operator is modified by adding a temporal boundary op-
erator based on Takeda’s implementation for the standard domain wall fermion [8]. The form of
the boundary operator is determined by the symmetry argument of Ref. [5] so that the term holds
the discrete symmetries (C,P,T,Γ5-Hermiticity) and breaks the domain wall chiral symmetry [10]
at the temporal boundary. We investigated the properties of the effective four-dimensional opera-
tor induced from the MDWF with the boundary operator and found that it reproduced the proper
continuum theory with the SF boundary only in the infinite fifth lattice extent N5→ ∞.
In this paper, we extend our previous work to obtain the proper operator for the SF scheme
even at a finite N5. To do this we properly renormalize the effective four-dimensional operator
since the explicit breaking of the lattice chiral symmetry at a finite N5 induces the additive residual
mass [11] as seen in Wilson type fermions even at the tree-level. After renormalizing the effective
four-dimensional operator we investigate the eigenvalues in the SF boundary condition. In order
to check the consistency of our construction, we also investigate the fermionic contribution to the
one-loop beta-function in the SF scheme at a finite N5.
This paper is organized as follows. In the next section, we briefly explain the renormalization
factors for the MDWF at the tree-level without the SF boundary condition. The renormalization
factors are applied to the case of the SF scheme. Then we introduce the MDWF with the SF bound-
ary term given by our previous work [9]. The lowest eigenvalues of the effective four-dimensional
operator are investigated. In section 3, we confirm that the properly renormalized MDWF operator
with the SF boundary term reproduces the proper one-loop beta-function. The scaling violation on
the step scaling function is also examined at the one-loop level. We summarize this work in the last
section.
2. The set up of the SF scheme for the MDWF
The Moebius domain wall fermion (MDWF) [12] is one of the lattice chiral fermion and
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defined as the fifth dimensional operator as follows.
DMDWF(n,s;m, t) = D+s (n;m)δs,t +D
−
s (n;m)M5(s; t), (2.1)
D+s (n;m) = bsDWF(n;m)+1, (2.2)
D−s (n;m) = csDWF(n;m)−1, (s= 1, · · · ,N5) (2.3)
M5(s; t) = PLδs+1,t +PRδs−1,t −m f [PLδs,tδ1,t +PRδs,1δN5,t ], (2.4)
where (s, t) is the lattice index in the fifth direction, (n,m) is the four-dimensional lattice site index,
m f is the mass parameter, DWF is the Wilson fermion operator with a negative mass (m0), PR/L is
the chiral projection: PR/L = (1± γ5)/2, (bs,cs) are the Moebius parameters, and N5 is the lattice
size in the fifth direction. The MDWF is a generalization of the domain wall fermions and includes
the standard domain wall fermion (SDWF) [10], the Borici domain wall fermion (BDWF) [13], the
optimal Shamir domain wall fermion [14] and the optimal Chiu domain wall fermion (CDWF) [15]
by adjusting (bs,cs). The Moebius parameters for the optimal type domain wall fermions can be
derived from the Zolotarev sign function approximation [16].
The effective four-dimensional operator calculated from the MDWF operator yields the over-
lap fermion operator [17, 18] at the infinite extent of the fifth direction [19, 20] (N5 → ∞). At a
finite N5 the effective operator does not satisfy the Ginsparg-Wilson relation [21] and an O(a) error
is expected, so that the relation to the pole mass and the bare mass m f can be differ in this case.
The effective four-dimensional operator, D(N5)eff , at a finite N5 without the SF boundary condition is
evaluated as
aD(N5)eff ≡ PTD−1PVDMDWF(am f )P
=
1+am f
2
− 1−am f
2
γ5RN5(HW ), (2.5)
RN5(Hω) =
∏N5s=1(1+ωsHW )−∏N5s=1(1−ωsHW )
∏N5s=1(1+ωsHW )+∏
N5
s=1(1−ωsHW )
, (2.6)
HW =
aDWF
a5DWF +2
, (2.7)
a5 = bs− cs, ωs = bs+ cs, (2.8)
P(s) = PLδs,1+PRδs,N5 , (2.9)
where DPV =DMDWF(am f = 1.0). The coefficients a5 and ωs must be tuned to properly reproduce
the sign function as RN5(x)→ sign(x) in the limit of N5 → ∞. The ordering of (bs,cs) in the
fifth direction is irrelevant for the effective four-dimensional operator without the SF boundary
condition. In the continuum limit the effective four-dimensional operator behaves as
aD(N5)e f f ≈ ZN5(a /D+amres), (2.10)
ZN5 =
(1−am f )RN5(α)
(am0)(2− (am0)a5) , (2.11)
amres =
[
1+am f
1−am f
1
RN5(α)
−1
]
(am0)(2− (am0)a5)
2
, (2.12)
α =
(am0)
(2− (am0)a5) , (2.13)
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where /D is the Dirac operator in the continuum, ZN5 is the normalization factor and mres is the
residual mass at the tree-level [11]. Even at m f = 0 the residual mass does not vanish as RN5(α) 6= 1
at a finite N5 <∞. In order to investigate the property of the effective operator at the vanishing pole
mass, we renormalize the effective operator as follows,
aD(N5)R = Z
−1
N5 aD
(N5)
e f f (amcr), where amcr =
RN5(α)−1
RN5(α)+1
. (2.14)
Now we consider the effective four-dimensional operator in the SF scheme. In our previous
work, we proposed the following operator for the MDWF in the SF scheme [9].
DSFMDWF(n,s;m, t) = DMDWF(n,s;m, t)+ cSFBSF(n,s;m, t), (2.15)
BSF(n,s;m, t) = f (s)δs,N5−t+1δn,mδn4,m4γ5(δn4,1P−+δn4,T−1P+), (2.16)
f (s) =
{
−1 (for 1≤ s≤ N5/2)
+1 (for N5/2+1≤ s≤ N5) , (2.17)
where P± is the projection: P± = (1± γ4)/2. We introduce the boundary operator BSF to satisfy
the SF boundary condition, which explicitly breaks the domain wall chiral symmetry [10] at the
temporal boundary, as suggested in Refs. [5, 8]. In order to keep the discrete symmetriesC,P,T ,and
Γ5-Hermiticity we require the parity symmetry in the fifth direction because the ordering of the
coefficients (bs,cs) in the fifth direction is relevant in this case. A quasi optimal choice for ωs
with the parity symmetry are determined according to Ref. [9]. We call the domain wall fermion
operators with the quasi optimal choice for ωs having the parity symmetry in the fifth direction
as the palindromic Shamir domain wall fermion (PSDWF) and the palindromic Chiu domain wall
fermion (PCDWF) depending on the choice for the kernel operator. We use the same form as
Eq. (2.14) for the normalization factor and the pole mass with the SF boundary condition, though
we cannot obtain the effective four-dimensional operator in a simple closed form like Eq. (2.5) and
the corresponding behavior in the continuum limit like Eq. (2.10).
 0
 5
 10
 15
 20
 25
 0  0.04  0.08  0.12
L2
 (
D R
(N
5)
)†
 D
R(
N 5
)
a/L
SDWF
BDWF
PSDWF
Continuum
Figure 1: The scaling behavior of the lowest
five eigenvalues of the Hermitian squared effective
four-dimensional operator.
We investigate the lowest eigenvalues of
the effective four-dimensional operator derived
from Eq. (2.15) at the tree-level. We use
L = T and the standard boundary condition for
the gauge field [4] yielding a constant back-
ground chromoelectric field. The generalized
periodic boundary condition with the phase an-
gle θ = pi/5 is used for the spatial boundary
condition. In order to study the effect of the
renormalization with a finite fifth dimensional
extent at the tree-level, we set m0 = 1.5 and
(bs,cs) = (1.0,0.0) for the SDWF and m0 = 1.5
and (bs,cs)= (1.0,1.0) for the BDWF and m0 =
1.0 for the PSDWF at N5 = 8 and cSF = 1.0.
Figure 1 shows the lowest five eigenvalues of the Hermitian squared effective four-dimensional
operator L2(D(N5)R )
†D(N5)R for each operator type. The yellow dot points at the continuum limit
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are quoted from Ref [22]. We confirm that the operator involving the tree-level renormalization
properly reproduces the continuum theory.
3. The one-loop beta-function
We calculate the fermoinic contribution to the one-loop beta-function using the MDWF with
the SF boundary condition. The renormalized coupling constant in the SF scheme [3] is defined by
1
g2SF
=
1
k
∂Γ
∂η
∣∣∣∣
η=ν=0
, (3.1)
where Γ is the effective action with the SF boundary condition, η and ν are parameters for the
SF boundary condition, and k is a normalization factor based on the tree-level analysis. For the
MDWF in the SF scheme, the fermionic contribution to the one-loop beta-function can be obtained
from the following term;
p1,1 =
1
k
∂Γ1
∂η
∣∣∣∣
η=ν=0
=
1
k
∂
∂η
[
lndet(DSFMDWF(D
SF
PV)
−1)
]∣∣∣∣
η=ν=0
, (3.2)
where Γ1 is the one-loop effective action of the fermion part and DSFPV = D
SF
MDWF(am f = 1.0). The
cut-off dependence of p1,1 can be written in the following form asymptotically;
p1,1 = ∑
n=0
(a/L)n[An+Bn ln(L/a)] = A0+B0 ln(L/a)+(a/L)(A1+B1 ln(L/a))+O(a2). (3.3)
B0 contains the information of the fermionic contribution to the one-loop beta-function and it
should be B0 = 2b0,1 = −1/(12pi2) = −0.008443 . . .. We numerically calculate p1,1 using the
MDWF with the SF boundary of Eq. (2.15) and the proper renormalization at the vanishing pole
mass, and fit them with the function Eq. (3.3) up to O(a). Table 1 shows the result of the fitting.
The values for cSF are determined with the O(a) improvement procedure based on the PCAC re-
lation [23] at the tree-level. We find that B0 are consistent with the 2b0,1 = −0.008443 . . . within
the fitting error for each DWF type and confirm that the MDWF with the SF boundary term we
constructed at the tree-level properly reproduces with the fermionic contribution to the one-loop
beta-function.
Operator m0 cSF N5 Fit range [Lmin/a,Lmax/a] B0 (×10−3)
SDWF 1.5 0.520 8 [18 : 48] −8.43±0.01
16 [26 : 48] −8.441±0.004
BDWF 1.5 0.312 8 [18 : 48] −8.37±0.08
16 [34 : 48] −8.46±0.05
PSDWF 1.0 0.820 8 [10 : 48] −8.2±0.3
0.630 16 [16 : 48] −8.44±0.03
Table 1: The fit results for B0.
We investigate the lattice cut-off dependence for the step scaling function (SSF) [24]. The
deviation of the SSF at a finite cut-off from that in the continuum limit is defined by
δ =
Σ(s,u,a/L)−σ(s,u)
σ(s,u)
= δ1u+δ2u2+ · · · , (3.4)
5
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Figure 2: The deviation of the SSF between the lattice and the continuum theory as a function of the lattice
spacing. (N5 = 16,2b0,1 =−1/(12pi2))
where u is the SF scheme coupling constant u = g2SF(L) renormalized at L, Σ(s,u,a/L) = g2SF(sL)
is the SSF at a finite lattice cut-off, σ(s,u) = g2SF(sL) is that in the continuum theory, and s is a
scale factor. δ can be expanded as a polynomial of u perturbatively as shown in the equation. δ1
must vanish in the continuum limit at the one-loop level analysis. The fermionic contribution to δ1
is given by
δ1 = δ1,0+δ1,1n f , (3.5)
δ1,1 = p1,1(a/(2L))− p1,1(a/L)−2b0,1 ln2, (3.6)
where we set s= 2.
The lattice cut-off dependence of Eq. (3.6) with the MDWF at N5 = 16 is shown in Figure 2,
where 2b0,1 = −1/(12pi2) is imposed. Although rather complicated cut-off dependence of δ1,1 is
seen, it goes to vanish in the continuum limit. Therefore we conclude that the renormalized MDWF
with the SF scheme is consistent with the continuum massless Dirac operator at the one-loop level.
The cut-off dependence includes the O(a) error from A1 and B1 terms of Eq. (3.3). The former can
be removed by tuning the boundary operator of the gauge action, while the latter requires the bulk
O(a)-improvement term such as the clover term for the Wilson fermion because the lattice chiral
symmetry is broken explicitly at a finite N5.
4. Summary
We investigated the Schroedinger Functional (SF) scheme with the Moebius domain wall
fermions (MDWF). The MDWF with the SF boundary term was introduced and the spectrum of
the massless Dirac operator with the SF boundary condition is reproduced from the MDWF at the
tree-level after applying the proper renormalization even at a finite fifth dimensional extent. We
also confirmed that the MDWF operator with the SF boundary term reproduced the fermionic part
of the universal one-loop beta-function in the SF scheme. From these analysis at the one-loop level,
we expect that the SF scheme is applicable to the MDWF at a finite N5, which can be regarded as
a kind of better Wilson fermions, by adding the SF boundary term.
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We will check the consistency of the step scaling function of the coupling calculated from the
MDWF with the SF boundary term non-perturbatively in the future work.
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